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PHAN PAI SO



§5. DAU CUA TAM THUC BAC HAI

A. KIEN THUC CAN NHO

1. Tam thtrc bac hai (theo X) ¢6 dang: f (x)=ax*+bx+c (a=0)
2. D4u tam thtre bac hai:
Truwong hop 1: A<0

X —ao . o
ax’ +bx+c¢ Cung dau a
Truwong hop 2: A=0
b
x — - +
a >
ar +hy+ e Ciung dau a 0 Cung diu a
Trwong hgp 3: A>0
¥ —C x X, —+a0
ot + b+ e Cingdiua 0  Triidiua 0 Cimng diu a
3. Mot sb diéu kién twong duong:
Néu ax? +bx +c 1a mot tam thirc bac hai (a = 0) thi:
Phwong trinh ax? + bx+c =0 Bit phwong trinh
ol en RS B . ‘a >0
1. Co nghiém khi va chikhi A =5 —4ac =20. v. @l +brte>0, .ﬁfl_@_]{ﬂ o
ii. C6 hai nghiém trai déu khi va chikhi £ <0, n
a . . ja=0
. Vi b+ ez, Ve -lﬂ <0
Az0 o
T 0. Vax ]c?c:[]
ifi. C6 céc nghiém dwong khi vichikhi 1< >0 | V& Toxte<l e la<o
[
, , ]’cr =0
—— =0 vilt. ax” +bhx+c =0, ¥x & ;
- la<o
A=

- r - u ay - b 1 - C
1v. Co cac nghiém dm khiva chikhi 4 — = 0




B. BAI TAP

Cau 1;

Céu 2:

Xét diu cua cac biéu thic sau:

a. f(x)=2x"+2x+5.
c. f(x)=2x*+3x.
e. f(x)=x"+2
3x-2
CF(x)=
9- (%) 2+ x% —3x
. x? +4x-12
i. f(x)= .
(%) J6x2 +3x ++/2
2
K [z :3:c — 10z + 3
T+ 3
472 —1 82* — =z
m. fax =
—2x—9
P.fz = —4 — 3
3r+1 2—=x

Giai cé4c bat phuong trinh sau:

a. 7x* —4x-3>0.
c. 11—(x+1)°" >x.

2

X —10x
o 31003

X —=10x+25
2,1 1
X x-1 x+1

1 3
. > .
3X—x>—2 Tx—-4-3x°

k. X(x+5)<2(2x+1).

g.

m. (6—x)(x* —4x+4)20.

x2—5x+6>x+1

" x2+5x+6 X
3X+7

S 24x—-x2 T

B X—7
4x% —19x+12
) = (x> +1)(=x* +4x+5)

)= 5 12)
L fo = 3z’ — 4z

_2x2—x—1

nfr =x 2—x2 3—=z

j. 4x* —12x+9<0.

. 12x* —12x—-105<0.

x* —8x+15
SR b N
16— x°
2
. 3X —4x—11£1.
x> —X—6
7 —8X

r.31—x) = .
X+1

0.




Cau 3: Giai cac hé bat phurong trinh sau:

[ 2
2 — 22 <0 . z°—4>0 2 —52+2<0
122 +1<3z+2 o “12? +82+1<0
r+2 z+1 ¢
(2-X)x>0 (x* —6x+9)(x—4) <0 (x* —6x+5)(x—4) <0
) B e. _ 2 f. _ 2
{(x2—6x+9)(x—4)<0 (2—x)(x +2x+5)20 (3—x)(x +3X+9)20
x—1 x? —2x+1
Cau4: Tim céc gia tri ciia tham sé6 m dé cac phuong trinh sau vo nghiém:
a. (m—2)x2+2(2m—3)x+5m—6=0. b. (3—m)x2—2(m+3)+m+2:0.

Cau5:  Xét phuong trinh mx* —2(m—1)x+4m—1=0. Tim cAc gi tri ciia tham s6 M dé phuong trinh co:

a. Hai nghiém phan bigt. b. Hai nghiém trai dau.
c. Céac nghiém duong. d. Cac nghiém am.
Cau 6: Tim cAc gia tri caa tham s6 m dé cac bat phuong trinh sau nghiém dang véi moi X
a. 5x> —x+m>0. b. mx* —4(m-1)x+m-5<0.
Cau7: Tim m dé dé cac bat phuong trinh sau vo nghiém:
a 5x2 —x+m<0. b. mx* -10x-5>0. c. mx* —4(m-1)x+m-5<0.
Cau 8: Tim cac gia tri cia tham s6 M dé cac tam thirc bac hai sau c6 dau khong doi (khong phy thude vao X)
a. (m2 —1)x2 +(m+3)x+(m2 +m):0. b. x? —(m3 +m—2)x+m2 +m-5=0.
Cau 9:  Véi gia tri nao cia tham s6 M hé phuong trinh c6 nghiém théa man diéu kién x >0, y <0?
2x—(m* +m+1)y =-m’ -9
m'x+(2m* +1)y =1
* BAI TAP TU LUYEN

Cau 10: Xét du cua cac biéu thic sau:

a. f(x)=x"+x+1 b. f(x)=-2x"+5x-3
c. f(x)=4x*+5x d. f(x)=5+6x-2x’
e. f(x)=2x"+2. f. f(x)=9-4x*

4x -1 5x -7
. f = h. f =
g- (%) 6+ x* —5x (x) 2x* —8x+7



. X —4x+3
)= s
—3r—3 x+2

K. =
fe Tz +3

m. f x :$2—\/§x+%

2—z

oofz =1—
/ 3r—2

Cau 11: Giai c4c bat phuong trinh sau:

a. 5x? —4x—-1<0.
C. 1—(2x+1)2 > X.

2
5x° —6x+7 S

e.z—_
2x° —-10x+8
g 2 B 1 B 1 <0
X—3 X+2 x+4
1 3

I. > .
—Xx*+4x  Tx—4-3%°

k. (1-x)(X* =6x+9)>0.
S
20+ 6x — X?
3X2 +4x -7 >3x+1
x> +5x+6 X

Cau 12. Giai cac bat phuong trinh sau:

a)ﬂg_g b)
2¢ +1

2
2z —10x+1421
z? —3x+2
2 —5r+6 _ z+1
g) — >
z°+5x+6 T

d)

. x> +8
)=

. f x :x2—\/§x—|—2

4 — 3z
nfaz =
2¢ +1
2
; T x—3
p.for =——17-—+—
z—95 1—=z

b. —4x* —12x+9<0.
d. (2x-3)(9-x*)<0.

2_
£ X°—7x+10 0.

(2x2 —3x +1)(4— X)
42X 1
> .
3x-5 1-5x
3x—-4 1
< .
x> -3x—4 x-3
l. x(2x+7)£3(3x+1).

2_ J—
S e Y

X°—X—-06
-1-3x

. 2(4x=-1) >
X+1

k=]

2
0 2z — 16z + 27 <9

<
-4 3*+r—4

e
¥ —6x—7

2
h) = +

k)x+3 1 < 2z

20 +1>5
Vo 9 47<0

x2—4_56+2 2z — 1°

Cau 13. Giai cac hé bat phuong trinh sau:

32° — Tz +2>0
-2 +1+3>0

2 —T7z—10
2r — 1
25
z—3 ¥ —6r—7 x—3
2 1 20 —1
<0 i) ——>=
z+1 r—xz4+1 xz+1 2°+1

282 492 +7>0

2 2 4+r—6<0

d)



(42 — 52 -6<0 | —22° —5r+4<0 ) Az —3 < 3z +4 |
4 4122—-5<0 - —3:4+10>0 P —Te4+10<0 8
22 —9<0 Y 2 —22-3>0 ) 2% — 82 +7<0 )
J . |
-1 32 +Tz+4 >0 2 —11z428>0 2 — 82 4+20>0 .
(22 —42-5<0 7 — 120 —64 < 0 30" —Te+8
2 —62+8>0 K 12 — 82 +15>0 pl Al
3x° —Tx +8
2% —3>0 —3 <42 <26 <2
L z +1
PHUONG TRINH QUY VE PHUONG TRiNH BAC HAI
Cau 1: Giai cac phuong trinh sau:

Céu 2:

Céau 3;

Cau 4:

Cau 5:

a. V2x-3=x-3. b. V5x+10=8-xX. C. X—/2x-5=4,
d. Vx2+2x+4=+2-x. e V3x2—9x+1=x-2. f. V3x%—9x+1=[x-2.
g. V3X+7-Vx+1=2. h A2+9-vx2-7=2. i \/21+X+\/21_X—2—1.

Giai cac phuong trinh sau:

21 x—21-x X

a X% —5x+4 = x%2 +6x+5. b, Ix?—1| = x?—2x+8. c. |2-3x?|-l6=x?|=0.
d. Ix2-1=1-I. XLl
|x|(x—2)

* Giai cac phuong trinh sau: (nang liy thura)

a. §/x+5+§/x+6:§/2x+ll.

¢ Y1edx+F1-Vx =2.

b. §/x+1+§/3x+1:§/x—1.
d. §/x+1+§/x+2+§/x+3:0.

* Giai cac phuong trinh sau: (bién ddi biéu thire dudi can)

a. \/x—2+\/2x—5 +\/X+2+3\/2X—5 :7\/5.

b. \/x+5—4\/x+l+\/x+2—2 Xx+1=1.

C. \/ZX—Z\/ZX—l—2\/2X+3—4\/2X—1+3\/2X+8—6\/2X—1 =4.

* Giai cac phuong trinh sau: (dt an phu)

a. x2—6x+9=4\/x2—6x+6.

b. (x+4)(x+1)—3\/x2+5x+2 =6.



C. (Xx=3)2+3x—22=4x>—3x+7. d. J(X+D)(x+2) = x*+3x—4.

Cau 6: * Giai cac phuong trinh sau: (dat hai an phu)

a. \/3x2+5x+8—\/3x2+5x+1=1. b. §/5x+7—§/5x—13:1.
¢ Jo-Yx+1+7+x41=4. d. J24+Jx - I54/x =1.

2
e. Ya7-2x +435+2x=4. f, \/“X +i356+x —\/X\/X2+4356—X2 _5.

BAT PHUONG TRiINH CHUA DAU GIA TRI TUYET POI

A. KIEN THUC CAN NHO

A nlu A>0
~AnQu A<O

2. Phuong phap giai bat phuong trinh chira ddu GTTD: khir ddu GTTD
Mot s6 BPT chira dau GTTD co ban

1. Binh nghia: |A| = {

A<B A>B
*[A<B< *|/A>B<
A>-B A<-B
|Al<|B| < A* < B®
< (A+B)(A-B)<0
B. BAI TAP
Cau1: Giai cac bat phuong trinh sau:
a. [2x-5|> 2. b. [4-3x|<4. c. [x+2|<[px-1.
d. [2x -5/ > x-3. e. 4x+3>[3x+2| f. 2x* —|5x -3/ < 0.
g. Xx—8>[x* +3x—4. h. [x? =1 -2x <0. i X2 +4x+3>|x? —4x -5,
Cau 2: Giai cac bat phuong trinh sau:
2— — J—
: ?—4)(31. b.2|X—2|23. C. 2X 5+1>0.
X2+ X+2 x* —5X+6 Ix -3

d. [5x* +9x+26|-29-2x>0. e [xX* -3x+2+x* >2x.  f Ix-3-[x+1<2.
9. [7x+1—3x -8 <2x+7.

>

. ‘x2—4‘—2|x+3|<2—x. i. ‘xz —4x‘+3>x2 +|x—5|

<% BAITAP TU LUYEN
Cau 1.  Giai bat phuong trinh chira tri tuyét ddi



=5 | _| 10|
x+2‘ x—ﬂ
e) ‘2$—1‘—3x<5

a) \5x—4\26 b)

d) ‘—2x+1‘+x—3<5
o) [z —2|>20-3 h) [-o? + 21 <25 +5
i) |7+ 32 4]~z +8>0 K) o~z +[32—2|> 0

1)

Giai bt phuong trinh chira tri tuyét doi

x2—5x—1—4‘§x2+6x—|—5 m) dz® +dz |2z +1| > 5

Cau 2.
a) |z —1+|z+2/<3 b) 2|z — 3|~ Bz + 1<z +5

d) ‘xQ—Qx—S‘—2>‘2x—1‘ €) 2|z +1| <[z — 2 + 32 +1

0 2r —3 51
r—3

f) |32 — 5| < 2

i) xg—x‘SxQ—l‘
z—1

©  —3x—4 5

f) ‘x+1‘§‘x‘—x+2

T —2 2 1 .
P k. T h) >0 ) 2 |e 2
22 — 5246 2x—1‘—x—2 \x—5\—3
| 1 e 2 —|a| — 6
) —< = K) - <z +z-—1 — >z
r+1 z—-2 2 2z —1 22— 4
h—ﬂ+3
m) ‘x—l‘—B ‘x+2‘—5 <0 n) <4 0)
‘5—az‘+x
2 —3 2|x—1|+2
<0
h—q—2
BAT PHUONG TRINH CHUA DAU CAN
A. KIEN THUC CAN NHO
Phuong phép giai bit phuong trinh chira dau cin thic: Khir dau can thirc
Mot s6 BPT chira ddu cin co ban;
[(A>0
A>0 Az0 B<0
eJA<JB ! T~ «JA<B=!{B>0 JA>Beo
A<B B>0
A< B? ,
i A>B
B. BAI TAP
Cau1: Giai cac bat phuong trinh sau:
a. VBXx+6>7. b. Vx*—3x-4<2. C. VX—=3<+3x* +3x-2.

Giai cac bat phuong trinh sau:

a.\/x2+x—12§8—x. b.

Cau 2:

X2 - x-12<7-X.

C. \/—x2—4x+21< X+ 3.




d. VX2 -3x-10>x-2. e. V32 +13x+4>x-2. f x2—2x>+/4x-8.

Cau3: Giai cac bit phuong trinh sau:
a VX+3-V7-x>2x-8. b, V2x+3+x+2<1. C. 2= X >J7T—x—J—3-2x
Cau 4: Giai cac bat phuong trinh sau:

a. \J(x=3)(8—x) +26 > —x? +11x . b. (X+5)(X—2)+3JX(x+3) >0
C. (X+1)(X+4) <5VX? +5x+28. d. V3x2 +5x+7 -3 +5x+2>1

Cau5:  Giai cac bit phuong trinh sau:

a \/x2—4x <

2
b. \/—2x —15x+17Z

<2. 0.
3-X X+3
[ \/—x2+x+6 \/—x2+x+6
c. (x+3 X>—4<x%-9 d. >
2X+5 X+4
Cau 6:  Giai cac bat phuong trinh sau:
a x+2<3x?+8. b. §/Zx2+12§/3x2—1. c. Yx+1>+/x-3.

X/

% BAI TAP TU LUYEN
Giai cac bat phuong trinh sau:

a)m§2x—3 by Vo’ =2z —15 <z —3 )Nz’ —4drx >z -3
d) Vo' — 5z —14 > 221 N —20—15<2—3 PP —1>2+2
N tr—6<z—1 V222 —1>1—2 i)

<34z’ —br—14

D1>z—+2?—z—12 K) 2z + 3 —a? + 6248 >0 )

Nt —dx—12<zx—4

m) Ve — 8z >2 241 n) 2z +3 -’ — 4z —12 <0

0) z—2r +4 <2’ —4 p) z—3 2’ +4<a”—9

2z —4 -1 ) T+

r
\/3;2—333—10 l—x
t)\/2£—2 r—5 >z—3 uN-2—8r—12>z+4

q)\/:z:+4 6-1 <2 z+1

ON TAP CHUONG IV

Caul: Xét dau cac biéu thuc sau:

a. f(x)=(2x-1)(x+3). b. f (x)=4x"-1.



4 3

c. F(x)=(-3x-3)(x+2)(x+3). d. f(x) = -
(1)=(3x-3)(x+2)(x+3) T
e. f(x):(3x2 —10x+3)(4x-5). f. f(x):(?»x2—4x)(2x2 —x-l).
3x2—x)(3—x2)
Cf(x)=(4x> —1)(-8x* +x—3). h.fX:( .
9.1 (x)=( ) ) () 4x* +x-3
Cau 2: Giai cac bat phuong trinh sau:
2_
a. x(2x+3)(3x? +2x-1)>0. p, 2= g,
X—2
2 _ . 2
c X 130- d (x+3)(4 4x+x)20.
2x+1 X(Xx—2)
e. (3»—x)(x+2)(x2 —4)>O. f. x(x—3)(x—2)(3x2+4)>0.
2_
g x(x—l)(2—3x)£0. h 2X(x 9)30.
2x* -1 X(x—-2)
_ _ 2 _ _ 2
y (2x=3)(x-1)x 20 i (x=1)(9-4x )(2+3x)£0.
2X—2 2X+1
K (2x=1)(—x 1)30. L (-4 +4x—x7)(x+4)(2 3x)SO
3X(x—-2) 2x+1
Cau 3: Giai cac bat phuong trinh sau:
. 1 < 3 . b. X_332X+1.
xX*—4 3x*+x-4 2x+1  3-x
2
S B d. ZXog
X°—6x—7 x-3 1-2x
2_ — a—
e X "H¥2 512, g2 1, a1
x—-1 X“=x+1 x+1 x°+1
Cau 4:  Giai cac hé bat phuong trinh sau:
. (x> =5x+6)(x-1) <0 b (2x+1)(5-2x*)<0 5 2x—-320
" x(2-3%)=0 ' Bx+4)(2-x)>0 |(B-3x*)(x-2)<0

Cau5:  Cho phuong trinh: (m—2)x*+2(2m-3)x+5m—6=0. Tim c4c gié tri cua tham s6 M dé phuong

trinh:
a. VO nghiém. b. C6 nghiém.
c. Co6 dung méot nghiém. d. C6 hai nghiém phan biét.

Cau 6:  Cho phuong trinh: X* +2(m—-1)x+m-1=0. Tim céc gia tri ciia tham s6 m dé phuong trinh:

a. VO nghiém.
b. C6 2 nghiém phan biét X, X, théa man:



Cau7:

Cau 8:

Cau 9:

Céu 10:

i. X, X, trai dau. ii. X,X, cung dau. iii. X,X, cung duong
Cho tam thac: f(X) = x> —(m+2)x+8m+1. Xac dinh m d:

a. f(x)>0,vxeR.
b. f(x)<0 trén mot doan co do dai bang /3.
c. f(x)<0 trénkhoang (14).

Cho tam thic: f(X) =—x* +4(m+1)x+1-m’. Xac dinh m dé:

a. f(x)<0,vxeR.
b. f(x)>0 trén mot doan c6 d6 dai bang 4.
c. f(x)>0 trénkhoang (0;1).

Tim m dé bt phuong trinh sau c6 nghiém:

a (M+2)x* =2mx-m+2<0.

b. (M* =1)x* +(m+1)x-5<0.

Cho phuong trinh: x> —2mx+4m—3=0. Xac dinh cé4c gi4 tri ciaa m dé phuong trinh co:
a. Hai nghiém phan biét X, x, thoa mén: x, <0<2<X,.

b. Bing mét nghiém thudc khoang (0;2).

c. Hai nghiém phan biét thuoc khoang (0;2).




CHUONG V. THONG KE
MOQT SO KHAI NIEM CO BAN VE THONG KE. PHUONG SAI - PQ LECH CHUAN

A. KIEN THUC CAN NHO

1. Gia str ddy n s6 ligu thong ké da cho c6 k gid tri khéc nhau (k <n). Goi X, 1a mot gia tri bat ki trong
k gia tri do, ta co:

* Sb lan xuét hién gia trj x. trong day sé liéu da cho dugc goi 1a tan sb cua gid tri d6, ki hiéu la n, .

2 n. N Ko o s
* S0 f, =— duoc goi la tan suat cua gia tri X; .
n

2. Bang phan bé tan s6 va tan suit ghép 16p:

Gia sir day n s6 liéu thong ke da cho dugc phan vao k 16p (k <n). Xét I6p ther i (i =1,2,..k ) trong k
16p @6, ta co:

e S n. céac sb lieu thong ké thugc 1op thir i duoc goi 1a tAn s6 caa lép do.

_n

*SH f duoc goi 12 tAn suit caa lop thu .

3. Biéu dd: Biéu do hinh cot, duong gap khuc, hinh quat.
4. Sé trung binh cong: Ki hiéu: x
* TH bang phan bé tan s6 va tan suat:
X= 1(nlx1 X, et X ) = Tx X ot fX
n
* TH bang phan bé tan sb va tan suat ghép 16p:

-1
x==(nc, +n,c, +...+nc )= fc + f,c, +..+ fc.
n

trong d6 c,,n., f. 1an luot 1a gid tri dai dién, tan so, tan suat caa I6p thi i.
5. Mét: Ki higu M,

MGt M, 1a gia tri c6 tan sé 16n nhat trong bang phéan bé tan suat.
6. S6 trung vi: Ki higu M,

Sé trung vi M, ciaa mot diy gom n sé liu thong ké duoc sap thir tw khdng giam (hoic khong ting) 1a:

* S6 dung gitra day (s6 hang thir nTJrl), néu n lé.

Trung binh cong cua hai sé ding gitra day (trung binh cong cua sb hang thir g va sb hang thir g+1),

néu n chan.
7. Phuong sai: Ki hiéu s”.
* TH bang phan bé tan s6 va tan suat:

52 :%(nl(x1 —§)2 +n, (x2 —>_<)2 TS (xk —?()2)

_\2 —\2 —\2
= fl(xi—x) + fz(x2 —x) +..+ fk(xk —x)
« TH bang phan bé tan sb va tan suat ghép 16p:




s? = %(nl(cl —>_<)2 +n, (02 —i)z +..4+N, (ck —i)z)

= fl(c1 —>_<)2 + 1, (c2 —>_<)2 +ot £ (ck —>_<)2

8. Po léch chuan: Ki hieu s. |s = /s?

B. BAl TAP:

Cau 1l: Diém thi mén Toén cua I6p 10A nhu sau:

10 10 8 4 5 9 7 8 6 7
7 4 6 7 8 9 10 10 9 10
10 9 4 7 8 10 6 10 7 9
7 9 9 9 4 5 9 10 8 9

a. Lap bang phan b tan sb, tan suat.

b. V& céc loai biéu do.

Cau2: Kétqua diéu tra vé s6 con caa 20 ho gia dinh & mot ving dan cu nhu sau:

3 2 1 1 1 0 2 3 1 2
3 0 2 1 2 1 3 1 0 2

a. Lap bang phan b tan sb, tan suat.

b. V& biéu dd hinh cét.

Cau 3: V& biéu do tan suat hinh cot — dudng gap khuc tan suat va biéu @6 hinh quat bang sé liéu sau:

Nhiét do trung binh cua thang 12 tai thanh phd Vinh tir 1961 dén 1990

Lép nhiét 46 (°C) Tan suat (%)
[15; 17) 16.7
[17; 19) 3
[19; 21) 7
[21; 23] 3
Cong: 100

Cau 4: Cho bang sb liéu: Tudi nghé cia 30 cdng nhan trong mét nha mdy X

7 2 5 9 7 4 3 8 10 4
2 4 4 5 6 7 7 5 4 1
9 4 14 2 8 5 5 7 3 8

a. Lap bang phan bé tan s6 - tan suat.
b. Tinh tudi nghé trung binh cua 30 cdng nhan trén.
c. Tim My, M,.




d. Tinh phuong sai va d6 léch chuan.

Cau5: Cho bang sb liéu: Piém sé 30 lan ban cia mét xa thi A

8 9 10 9 9 8 7 6 8 10
10 7 10 9 8 10 8 9 8 7
10 7 7 9 9 6 9 8 10 8

a. Lap bang phan bé tan sé - tan suét.

b. V& biéu db tan suat hinh cot va duong gap khic bang sé liéu trén.
c. Tinh diém trung binh cua xa tha A.

d. Tinh trung vi, mét cua bang sb liéu trén

e. Tinh phuong sai va d léch chuan.

Cau 6: Doanh thu cta 50 cira hang cua mot cong ty duoc cho bai bang s lidu sau:

120 121 129 114 88 109 95 147 118 128
148 71 93 67 62 57 103 135 97 166
83 114 66 156 88 64 49 101 79 120
75 113 155 48 104 112 79 87 88 141
55 123 152 60 83 144 84 95 90 27

a. Lap bang phan bé tan s6 - tan suat ghép 16p gom bay 16p: [26.5; 48.5); [48.5; 70.5); [70.5;
92.5);...

b. Tinh doanh thu trung binh cua cong ty.

c. V& biéu db hinh quat.

Cau 7: Diém thi mdn Toén cua I6p 10A nhu sau:

10 2 8 4 5 9 7 8 6
1 9 4 7 8 10 6 3 2
7 9 9 9 4 5 9 2 7
5 8 7 6 9 7 9 8 6

a. Lap bang phan bo tan s6 - tan suat.
b. Tinh diém thi trung binh, s6 trung vi, mét cua céc sb liéu théng ke trén.
¢. Tinh phuong sai va d6 léch chuan.

Cau 8: Két qua diéu tra vé s6 con cua 21 ho gia dinh & mot vung dan cu nhu sau:
3 2 1 1 1 0 2
3 0 2 1 2 1 3
1 2 3 3 1 1 0




a. Lap bang phan bé tan sé - tan suét.
b. Tinh s trung binh, sé trung vi, mét.

Cau9:  Tudi tho & mot thi tran A 1a:
80 80 50 90 60 70 80 90
50 80 60 50 80 70 90 60
50 60 80 90 70 90 50 90
50 60 70 50 80 90 80 50
a. Lap bang phan bd tan sé - tan suat
b. Tinh sé trung binh, s trung vi, mét.
Cau 10: Cho khéi lwong cua 30 cu san (tinh theo gam) nhu sau:
90 93 98 99 90 92 99 96 99 93
91 94 96 93 95 92 90 96 93 96
98 98 92 97 94 91 94 97 98 99
a. Lap bang phan bé tan s6 - tan suat.
b. Tinh s6 trung binh, sé trung vi, mét.
¢. Tinh phuong sai va d6 léch chuan.
Cau 11: S tién 14 mdi ngay trong 22 ngay cua mot tiém bao nhu sau:
33 32 31 31 32 33 32 35 36 34 36
37 33 34 32 35 36 35 38 37 32 35
a. Lap bang phan bé tan s6 - tan suat.
b. Tinh s trung binh, s trung vi, mét.
¢. Tinh phuong sai va d6 léch chuan.
Cau 12. Cho khéi lwong cua mot s6 cu khoai tay (tinh theo gam) nhu sau:
42 42 44 44 45 49 47 48 45
a7 45 44 a7 48 46 46 43 42
a7 48 41 49 44 45 42 42 43
45 48 a7 46 49 a7 45 48 44

a. Lap bang phan bé tan s6 - tan suat.
b. Tinh s trung binh, sb trung vi, mét cua cac s6 lidu thong ke trén.

CHUONG VI. CUNG VA GOC LUOQNG GIAC. CONG THU'C LUQNG GIAC.

A. KIEN THUC CAN NHO

§1. GOC VA CUNG LUQNG GIAC

| 1. Quan h¢ giita d¢ va radian




0
1° =" rad lrad :(@j )
T

2. D6 dai | cua cung tron c6 s6 do arad , ban kinh R 1a | = Ra.

3. Sb do cuia cac cung luong giac co diém dau A, diém cudi B Ia:
PRAB =a +k2r, k e Z.
4. Bé biéu dién cung lugng gidc c6 s6 do a trén duong tron lugng gidc, ta chon diém A(L0) lam diém
dau cua cung Vi vy chi can xac dinh diém cudi M trén duong tron luong giéc sao cho cung AM c6
SBAM = a.

5. Méi cung luong giac CD ing v6i mot goc lugng gidc (OC,0D) va nguoc lai. S do ciia cung lugng

giac va goc luong giac twong tng la trung nhau.

B. BAI TAP

Caul: Ddisd do cia cac goc sau day ra radian:
a. 18°. b. 57°30". c. —25°. d. —125%45".
Cau 2: Dbi sd do cua cac cung sau day ra do, phut, giay:

a ~. b. 3% c. 2. d 3
18 16 4
Cau 3: Mot duong tron ¢ ban kinh 30cm. Tim do dai cua cac cung trén duong tron do6 c6 sb do:
a. = b. 1,5. c. 37°.
15
Cau 4: Trén duong tron luong gidc hdy biéu dién céc cung cd s6 do:
a. _5—72- . b. 135°. C. 10—” d. —225°,
4 3

Cau5:  Trén duong tron lwong giac goc A, cac dinh cac diém M khéc nhau, biét rang cung AM ¢4 sé do
tuong tng 1a (trong d6 K 1a mot sb nguyén tly )

a. kz. b. kZ. c. kZ.

2 3
Cau 6: Mot hinh lyc giac déu ABCDEF (cac dinh Iy theo thi tu d6 va nguoc chiéu quay cia kim dong
hd) noi tiép trong duong tron thm O. Tinh s do bang radian cia cic cung luong giac

AB, AC, AD, AE, AF.

§2. GIA TRI LUQNG GIAC CUA MQT CUNG

A. KIEN THUC CAN NHO



. Trén dudng tron luong gidc gdc A, chocung AM ¢6 SBAM = o Thé thi tung do cia didm M 14 sin e,

sing oS«

hoanh d6 cua diém M 13 cosa, tana =

£ C F A
(néu cosa #0), cota = (néu sina #0).

CoS sina
. —1<sina <1, —-1<cosa <1, V&I moi «.

. tana khong xéc dinh khi va chi khi o = %+ kz, k e Z.

cot o khong xac dinh khi va chi khi o =k, k € Z.
. cosa >0 khi va chi khi diém cudi M thudc goc phan tu thi | va V.
sina >0 khi va chi khi diém cudi M thudc goc phan tu thir 1 va Il
. Ttr ddu cua Sina va cosa suy ra dau cua tana va coto .
. Céc hang ding thire luong gidc co ban:

esina+cos’a =1

elt+tan’a=—3
COS™ o

elicot’a=

sin® «
e tang cota =1.

7. Gid tri lwong gidc cia cdc cung d6i nhau: 9. Gié tri heong gidc cua cac cung hon kém 7

cos(—a ) =cos o; sin(—af) = —sin a; sin( T+ a ) =—sina; cos( T— ) =—cosa

tan (—¢) = —tan ¢r; cot(—a) = —cot . tan( 7T+o ) =tana; cot( T —a)=cota.

8. Gia tn1 hrong giac cua cac cung bu nhau: 10. Gia tr1 hrong giac cua cac cung phu nhau
sin( T—o ) =sina; cos(T—a)=—cosa: s \ (T v
sin| = —a |=cosor cos| ——a | =sin ¢
tan| T— o) =—tana; cot| T— o )= —cota. L= / |- /
(7 ) (m
tan| ——& |=cota; cot| ——¢ | =tan o
v2 ) \2 )
B. BAI TAP
Caul: Cho 0° <« <90°. Xét dau cua cac biéu thic sau:
a. A=sin(a+90°). b. B = cos(a —45°).
c. C=cos(270° - ). d. D =cos(2a +90°).
Cau2: ChoO<a< % Xét dau cua céc biéu thuc sau:
a. A=cos(a + 7). b. B=tan(a —x).
) 2 3
C. C=sm(a+—”j. d. D=cos(a——”).
5 8
Cau 3:  Tinh gia tri lwong gic con lai cua o

a. COSaziVéo<a<z. b.sina=—0.7va7z<a<3—”.
13 2 2



C. tanozz—E valca<r. d. COta=—3V33—7[<a<27Z.
7 2 2
H —_ 0 0 5 0 0
e.sina = (O <a<90). f. cosa = —— (180 <a <270 )
13

g.cota =

(0° < <90%). h. cot15® = 2++/3 (180° < & < 270°).

Cau4: Cho tana = g , tinh gia tri c&c biéu thic sau:

sina + cosa sina.cosa
a A=—-"""7"7 b. B=— —.
sina —cosa sin® o —cos” «
Cau5: Tinh gié tri biéu thuc:
cota+tana ,,. . 3 V4
a. A=———— khisina==,0<a<=.
cota—tana 5 2
8tan’a+3cota—-1 . . 1
b. B= khi sina==,90° <a<180°.
tana +cota 3
=2 H 2
sin“a+2sina.cosa—2cos” a .
c. C=—— _ —— khi cota=-3.
2sin“a—3sina.cosa+4cos” a
ina+ ]
d D= §3a 5C°Sf khi tana=2.
sina—2cos” a
8cos*a—2sin*a+cosa . .
e. E= — khi tana=2.
2cosa-sin’ a
cota+3tana . 2
=—— =~ khicosa=—=.
2cota+tana 3
sina+cosa .
hh. H=——"""khi tana=5.
cosa—sina
N . 5 ., e L2 ,
Cau6: Chosina+cosa= 7 Tinh gia tri cac biéu thuc sau:
a. A=sina.cosa. b. B=sina-cosa. c. C=sin*a—cos’a.
Cau7: Chimg minh cac dang thic sau:
a.sin* x —cos* x=1-2cos? x. b. cot? @ — cos? « = cot® .cos® « .
. . sinXx+cosx—1 2C0S X
C. tan’ ¢ —sin® o = tan® a..sin’ . d. =— :
1-cosx SinX—cosx+1
. = .3 3
sina +cosa sin® ¢ +co0s° « .
e. — ———=tana+tan‘a+tana+1. f. — =1-sina.cosc .
cos® o Sina +CoS &

g. 1+sinx+cosx+tanx = (1+cosx)(1+tanx). h. (cot’ x—cos’ x)(tan® x—sin’ x) = cos xsin’ x.

| tan’ a 1+cot2a: 1+tan‘a j sina cosa :1+cot2a
"l1+tan’a cot’a tan’a+cot’a’ " sina—cosa cosa-sina 1l-cot’a
sina  cos’a sin®a sina+cosa
" 1l+cota 1l+tana "sina—cosa tan’a-1
Cau 8: Chirng minh cac biéu thirc sau doc lap ddi véi X:
N cotzx—coszx+sinx.cosx b (1-tan®x)* 1

cot? x cotx " 4tan®x 4sin? x.cos® X |

k.1 =sina.cosa. | =sina+cosa.




Céau 9:

Céu 10:

c. 2(sin® x+ cos" x) —3(sin4 x+cos‘x). . 2(sin4 X +cos* X +sin? x.cos? x)—(sin8 X + cos® x)

Thu gon cac biéu thic sau:

a. A=cos(%+xj+cos(2ﬂ—x)+cos(37z+x).

. (T 3
b. B=2cos x—3cos(z — X) +5sin 7—x + cot ?—x
c.C :Zsin(%+xj+sin(57r—x)+sin(3§+xj+cos(%+xj

d. D =cos(57 —Xx) —sin(%ﬂ + xj +tan [3?” - xj + cot(37 — x)

e. E=c0s20° + cos40° + cos60° +..........+ cos160° + cos180°.
f. F= tanl’.tan2%tan3’............ tan88°. tan89°.
g. F = sin®10° + sin®20° + sin®30° +............. + sin®180°.

Pon gian cac biéu thic sau:

a. A=sin(7z+x)—cos(%—x)+cot(2n—x))+tan(37”—xj.
. 3z V4 3z

b. B =cos(z — x) +sin(x -5 tan(E + x).cot(7 -X).

c.C= cos(270O - x)—Zsin(x—450°)+cos(x+9000)+ 23in(720° - x).

s Bai tap tw luyén

Cau 1.

Céau 2.

Céau 3.

Cau 4.

Cho 90° < & <180° . Xét diu cua cac biéu thirc sau:
a. A=sin(a+90%). b. B = cos(a —45°).
c. C=c0s(270° —@). d. D =cos(2a—90°).

Cho0<a< % Xét ddu cua cac biéu thic sau:

a. A=cos(a + 7). b. B=tan(a —r).
C. C=sin(a+2—ﬂj. d. D:cos(a—?’—ﬂ).
3 4
Tinh gi& tri lwong giéc con lai cua «
a. c0504=i vaO<ag<Z. b. sina=-0.6 va 7z<a<3—”.
13 2 2
C. tana:E Vé;z'<a<3—7[. d. COta=—3Vé£<a<7r.
7 2 2
H __3 0 0 12 0 0
e.sing=—2 (90 <a <180 ) . f. cosq =——= (180 <a <270 )
5 13
g.cotazé (0°<r<90°%). h. tana =2++/3 (180° < & < 270°).

Cho tan =g , tinh gia tri c&c biéu thic sau:



Caub.

Cau 6.

Cau7.

sina +2cosa

a A=——mMmMmm b. B

3sina—cosa
Tinh gié tri biéu thic:

cota+3tana . -3
a. A=—————— khicosa=—, =—<a<r.
cota—2tana 5 2
8tan’a+3cota-5 , . .
b. B= khi sma=3,90°<a<1800.
tana+cota 3
ina+sina. —2c0s° .
C s. 2a S .acosa cos ? Khi cota——3.
2sin“a—>5sina.cosa+4cos” a
d. p=_tosa+ssina i ana—s,

~sin*a-2cos’a
_ 8cos’a—4sin®a+cosa

e. E — khi tana=2.
2cosa-sin® a
9. G=—cota+3tana khi cosaz—g.
2cota—tana 3
h. H=3MNA*CS& 5 ota khi tana=5.

cosa—sina

Cho sina+cosa = —%. Tinh gié tri cac biéu thic sau:

a. A=sina.cosa. b. B=sina-cosa.

Cho sina +cosa = m. Tinh gia tri cua
a. Sina.cosa. b. sin* a +cos* & .

_ —2sina.cosa
sina—cos’a

c. C=sin*a—cos’a.

c.tan® a + cot? « .




§3. CONG THU'C LUOQNG GIAC

A. KIEN THUC CAN NHO

1. Cong thare cong:
tan(a+b) = tana+tanb
sin(a+b)=sinacosb+cosasinb | cos(a+b)=cosacosh-sinacosb ( )_1—tanatant-
sin(a—b)=sinacosb—cosasinb cos(a—b)=cosacosb+sinacosb tana—tanb
tan(a—-b)=——
l1+tanatanh
2. Cong thirc nhan doi:
cos2a=cos*a—sin’a )
sin2a=2sinacosa =2cos’a-1 tan2a—ﬂ
i~ 1-tan’a
=1-2sin“a
3. Cong thic ha bac:
2 1+cos?2a . , l-cos2a 2 1-cos?2a
cosfa="——"""""- sinffa———— tana="—"—"""
2 2 1+cos2a
4. Cong thirc bién doi tich thanh tong: 5. Cong thirc bién di tong thanh tich:
cosacosb:%[cos(a—b)+cos(a+b)] COSU + COSV = 2COS%COSU—2V
) ] 1
smasmb:E[cos(a—b)—cos(a+b)] cosu — COSV——ZSIH%SIHU—ZV
) 1-. ;
smacosb=§[3|n(a—b)+sm(a+b)] sinu+sinv = Zsmu—gvcosu—zv
U+V . U—V
sinu—sinv = 2cos ¥ sin =Y
2 2
6. Cong thitc nhan ba:  cos3a =4cos’a—3cosa sin3a =3sina—4sin’a

B. BAI TAP

CONG THUC CONG

Cau l: Tinh:
a. cos75°; sin15°; cot(-15°); sin 240° .
Cau2: Tinh giétri cua cac biéu thuc sau:

A = cos

x+§] biét sin:z;:i

J3

b. sm7— tan(——) cosl3—”
12 12

N ™
V&O<$<§

B =sin|Z~ — z| biét cos:z:z—g Vél7r<x<3—7r
3 13 2

C = cos z—30° biét tanx:\/g va 0" < z < 90"




D = tan

™ 4 . 3 . T
r+—|bigtsinr==—va—<z<m
3 59 2

E = cos| = — z| biét Sinx:—B Vé3—7r<x<27r
3 13 2

K = cos(a+b).cos(a—b) biét cosazé, cosh =%.

L =sin(a—b), cos(a+b), tan(a+b) biét sina = % tan b:% va a, b 1a c&c gbc nhon.

Cau 3: Rt gon biéu thic (dung cung lién két - cong thac cong)

A:cos[x—g]+sin T—T

B = cos[%—x]%—sin

T . v
—4+z|—sm|—+=x

3
— -2
2 J

s
2 ]

us
— — x| —cos
2

C =2cosz+3cos m—x —sin

7T ]
— — 2z |+ tan
2

D =2sin +sin 57 —x -+ sin

T
2

3
7 +x]+cos

E =2cosz —3cos m—x +58in[7§—x]+cot[3§—x]

Cau 4:  Chuang minh céc hé thuc sau:
a. sin(x+ y).sin(x—y) =sin” x—sin’y .
2sin(x+y)
cos(X + y) +cos(X —y)

c. tan x.tan(x+%j+tan(x+%j.tan(x+2?7[)+tan(x+2§j.tanx =-3.

d. cos(x—Z].cos(x+£j+cos(x+z).cos(x+3—”j = Q(l—«/é).
3 4 6 4 4
e. (cos70° +cos50°)(cos230° +c0s290°) + (cos40° + cos160°)(cos320° +cos380°)=0.
tan® 2x — tan® x
1—tan?2x.tan’ x
Cau 5: *Cho tam giac ABC. Chitng minh:
a. SINC =sin A.cosB +sinB.cos A
sinC
" cos A.cosB
c. tan A+tan B +tanC = tan A.tan B.tanC (A, B,C = 90°)

d. cot A.cotB +cotB.cotC +cotC.cotA=1

b. tanx+tany =

f. tanx.tan3x =

=tan A+tan B (A, B = 90°)



Cau 6:

Cau7:

Cau 8:

e. tané.tanEWLtanE.tang+tan9.tané =1
2 2 2 2 2 2

f. coté+cotE+cot9=cot§.cotE.cotE
2 2 2 2 2 2
g cotB+— ¢ _corc+—SB (A z007)
sin B.cos A sinC.cos A
B C . A. B C . A B. C A. B.C
h. cos—.cos —.C0S — = Sin —SiN — COS — + SiN — COS — SiN — + €C0S —Sin —Sin —
2 2 2 2 2 2 2 2 2
i. sinzé+sin25+sin29 =1+ 23inésinEsinE
2 2 2 2 2 2
HD: a, b, ¢, d. Stir dung (A + B. + C = 180°
A B C
e, f. Str dung (_+_j+_:900 g. VT = VP = tanA
2 2 2
h. Khai trién cos(é+5+9) i. Khai trién sin(é+E+E).
2 2 2 2 2 2
, . B C . A . . .
Chuy: Tu cos(—+—)=sm— :cosE.cosg =smé+smE.smE
2 2 2 2 2 2 2 2
A B _C .,A . A_.B._.C
= sin —.C0S —.C0S — = sin% — +sin —.sin —.sin — .
2 2 2 2 2 2 2
*Cho tam giac ABC nhon. Chung minh:
a tanA+tanB+tanC >3/3. b. tan? A+tan’ B+tan’C >9.
c. tan® A+tan® B +tan®C> 81. d. tan2§+tanzg+tan2%21

A B C
e. tan—+tan—+tan—>+/3
2 2 2 V3
HD: a, b, ¢. Sirdung tan A+tanB +tanC =tan A tan B.tanC va BDT Co-si
d. St dung a® +b® +c® > ab+bc+ca

va tané.tanEHanE.tanE+tanE.tané =1
2 2 2 2 2 2

o A B ’ A
e. Khai trién (tan 2 +tan 2 +tan %) va sur dung cau c.

CONG THUC NHAN

Tinh gié tri caa biéu thtrc luong giéc, khi biét:

a. cos2«, sin2«, tan 2o khi cos« =—%, T<a <37”

b. cos2¢«, sin2«, tan2a khi tana =2

C. sina, cosa khi sin2a=—ﬂ, £<a<3—”
5 2 2

d. cos2q, sin2¢, tan 2 khi tan o =

0|~

R0t gon céc biéu thire sau (dung cdng thie ha bac, nhan déi, nhan ba)



Céau 9:

Céu 10:

Céau 11:

A— ?COSQ.CU—l
siInx + cosx
2
C =
1—tanz 1+ cotzx
o si.n2x B cos2x
sinx COST

*Tinh gia tri cua biéu thuc sau:
a. A = c0s20°.cos40°.cos60°.cos80°.

T A 5x
c. C = c0S—.C0S—.C0S—.
7 7 7

e. E =sin6°.sin42°.sin66°.sin 78°.

g. G=sin5°sin15°sin 25°.... sin 75°.sin85°.

. . T T T T T
(A =96\@smE.cos—.cos—cos—cos—.

48 24 12 6

T 27 3z A 57 6r
k. K = cos—.c0s—.Cc0S—.C0S—.C0S—.C0S—.COS — .
15 15 15 15 15 15

*Chang minh céc hé thirc sau:

) 3 1
a. sin*+cos* X = =+ =cos4x.
4 4

- 3 - 3 1 -
C. SIN X.COS™ X — COS X.SIN" X = Zsm 4x.

e. 1—sinx = 2sin? (Z_ﬁj_
4 2

k. tan x = cotx — 2cot X.

1 1/1 11 1 X
m. ,[=+=,=+= /—+—cosx = COS—
\/2 2\/2 2\2 2 8

1 —2sin’ 2z

cos2x —sin2x

B =

D= 1—tan’z cotzx

P cotz —tanzx

cos2zx

b. B =sin10°.sin50°.sin 70°.
d. D =co0s10°.cos50° cos70°.

27 4 87 167 32
f. F = cos—.cos—.cosS—.C0S——.C0S——
31 31 31 31 31

h. H =co0s10° cos20°.cos30°...cos 70°.cos80°.

j. J —sin~ .cos = .cos Z.
16 16 8

1
15

b. sin® x+ cos® x = §+§cos4x.
8 8
d. sin® X _cos® X = Lcos X(sin® x—4).
2 2 4

_-2
£ 1-sin“x _ 1

Zcot(” + x).cos2 (” - xj
4 4

l. cotx+tanx =

sin2x

/o T
VO’IO<X<E.

CONG THUC BIEN DOI

Bién ddi thanh tong:
a. 2sin(a+b).cos(a—Db).

d. 4sin B—X.cos x.cosl )
2 2

g. 2sin x.sin2x.sin 3x.

b. 2cos(a +b).cos(a—b).

c. 4sin3x.SiN2X.COS X.

e. sin(x +30°).cos(x —30°). f. sin%.sin%ﬁ.

h. 8cos x.sin 2x.sin 3x. i



. T . T
sm(x+—j.sm(x——).c052x.
6 6

Cau 12:

Céu 13:

Chang minh:
VA T
a. 4cos X. cos(g - x)cos (5 + xj = COS3X.

Ap duyng tinh:

A = sin10°.sin50°.sin 70° .

C =5sin20°.sin 40°.sin80°.

Bién di thanh tich cac biéu thuc sau:
a. 2sin4x++/2.

b. 1-3tan® x.

3+4c0s4x+cos8x.

g.SiN5X +SiN6X +sin 7X + sin8x

sin®(x +90°) —3cos® (x —90°)

Cau 14:

Céau 15:

Céau 16:

R0t gon céc biéu thirc sau:

_ 1—-2cosz
14+ 2cosz

o — cosdx — cos22x

sindx—+sin2x
_ 1+4sindzr —cos4x
14 cosdx +sindx
G_ Sin X +sin 3x +sin 5x
COS X + C0S 3X + COS 5X

*Tinh gié tri ciia cac biéu thirc sau:

. . Ix . 137 . 197 .
a. sin—sin——sin sin sin
30 30 30 30 30

C. c0s24° +c0s48° —cos84° —cos12°.

T 27 3
€. COS— —COS— +CcO0S—.
7 7 7

2 A 6r 87
J. COS— + COS— + COS— + COS—.
5 5 5 5

*Ching minh rang:

a. tan9° —tan27° —tan63° + tan81° = 4.

b. tan 20° — tan 40° + tan80° = 3+/3.

c. tan10° —tan50° + tan 60° + tan 70° = 24/3

J. 4cos(a—b).cos(b—c).cos(c—a).

b. 4sin x.sin(Z — xjsin(Z + x) =sin 3x.
3 3

B = c0s10°.cos50°.cos70°.
D = c0s20°. cos40°.cos80°.

b. 3—4cos® x.
d. sin2x+sin4x+sin6x . e.
f. 1+5sin2x —cos2x —tan 2x

h.

\/§—20033$
B =

\/§+2(:os3x

D 1+ sin2x + cos2z
1+ sin2x — cos2z

sin2x + 2sin 3x + sindx
cos 3x + 2cos4dx + cosbx

F =

b. 16.sin10°.sin 30°.sin 50°.sin 70°.5in 90° .

27 4 6r
d. cos— + cos— +C0S— .
7 7 7

T S5x T
f. cos= + cos=— + cos—.
9 9 9

T 3z 57 T 97
h. cos— + c0S— + C0S— + COS— + COS — .

11 11 11 11

d. tan20° +tan40° +tan80° + tan 60° = 8sin40°.

f. tan® 20° —33tan* 20° + 27tan® 20° —3=0.



8.3

g.tan30° +tan 40° +tan50° +tan60° = T'COS 20°.

Cau 17: Tinh sin® 2x, biét: 12 + 12 + _12 + 12 =7.
tan’x cot’x sin®x cos’® x

Cau 18: Chirng minh cac ding thirc sau:
1-2sin*2x _ 1+tan2x
" 1-sindx  1-tan2x

a. cotx—tan x—2tan2x = 4cot4x.

n® x in2x—
—tanex=3t6l +1. d. tan4x— 1 _sin2x—cos2x

" cos® x cos? x COS4X  SiN2X +CoS2X
e. tan6x —tan4x —tan2x = tan 2x.tan4x.tan 6Xx.

C

sin7x

f. —— =1+2c0S2x+2Cc0S4X +2C0S6X. g. COS5X.C0S3X +SiN 7X.SiN X = COS 2X.COS4X .
Sin X
Cau19: *a. Cho sin(2a +b) = 5sinb. Ching minh: —Ztat”(“b) _3
ana

b. Cho tan(a+b) = 3tana. Ching minh: sin(2a + 2b) +sin2a = 2sin 2b

Cau 20: Cho tam giac ABC . Chitng minh:

a. sin A+sinB+sinC = 4cos§cosgcos%.

b. cosA+cosB+cosC =1+ 4sin§sin%sin% )

C. Sin2A+sin2B +sin2C = 4sin AsinB.sinC.
d. cos2A+cos2B +cos2C = —1—4cos A.cos B.cosC .

e. cos® A+cos? B+cos*C =1-2cos A.cosB.cosC.
f. sin? A+sin® B+sin>C = 2+ 2cos A.cos B.cosC .
Cau 21: *Tim cac goc cua tam giac ABC, biét:

a. B-C = z vag sinB.sinC = l. b. B+C = 2—” vag sinB.cosC = 1+\/§.
3 2 3 4
Cau 22: *Chtng minh diéu kién can va du dé tam giac ABC vudng:
a. C0S2A+cos2B +cos2C =-1. b. tan2A+tan2B +tan2C =0.
b c a B a+c
C. + = — —. d. cot—=—-—.
cosB cosC sinB.sinC 2
Cau 23: *Chimg minh diéu kién can va du dé tam giac ABC can:
a. atan A+btan B = (a+b)tan Aer B b. 2tan B +tanC = tan’ B.tanC .
. sin A+sinB :i(tan A+tanB). d cotE _ 23|n_Asm B .
cosA+cosB 2 2 sinC
Cau 24: *Chtng minh bét dang thic, tir 46 suy ra diéu kién can va du dé tam giac ABC déu:
a. sinA+sinB+sinC£¥. b. cosA+cosB+cosC$g.
1
C. tanA+tanB+tanC23J§. d. cos A.cosB.cosC <=.

8




X/

< BAITAP TU LUYEN
caul. Tinh gia tri cac biéu thuc:

A:cot[a:—%] biét Sinac:—é va 7T<x<3—7T

E—Hc biét cot 5—7T—x
4 2

C =sin

7—7r+x biét cotz = 2
4 3
E=tan(a+£) biét Sina=§,£<a<7r.
3 5 2
F =cos(z—aj biét cosazl, cosb =1
3 3 4
cau?2. R0t gon biéu thic sau:

A=sin(a+Db) +sin(%—a).sin(—b) . B= cos(%+a).cos(%—a) +%sin2 a.

C =sin 5w +x 4+ cos x—g]—l—cot 3T —x +tan %—x}
D =cos 15w —x +sin x_3_7r — tan g—l—x cot[ll{—x]
. Y 3T
F=sin m+z —cos[g—x]ﬁ—cot 2r —x + tan 7—x]

F =cos bm—2x —sin

3
7 —l—x] + tan

%—x]%—cot 3T —x

G = cos 270° —x —2sin x —450° + cos z + 900°

o sin’ 2z —4sin’ x _ sindz cos2z
sin’ 2z + 4sin’ z — 4 1+ cosdx 1+ cos2z
1+sm[2—x] K — sinz +sin4dx +sin7x

/= - cosx + cos4x + cos 7z
14sinf—+=z

I cos 2z — sin4x — cos 6x M= 14 cos x 4 cos 2z + cos 3z

cos 2z + sin4x — cos 6z 2cos’ T +cosz —1

N = sin4z + sin bz + sin 6z O - o8 Tz — cos 8z — cos 9z + cos 10z

cos4zx + cosHx + cos b6 sin 72 — sin 8 — sin 92 + sin 10z



sin x+y —sinz cos r+Yy 4+ cosx

sin t+vy +sinx cos T—y —COST

Cau 3. Chimg minh cc ding thic sau:
COS X t(” xj tan® 2x —tan® x

b. tan x.tan3x =

" 1-sinx 4 1—tan? x.tan? 2x
T
T X 1+COS(2+X) T 1+sin2x
C. tan(—+—j. =1. d. tan(—+xj =
4 2 4 COS 2X

- (72- )
sin| =+ X
2
cos(a—b) cota.coth+1

" cos(a+b) cota.cotb—1
Cau 4. Tinh cac gia tri lwong giac cua cung 2«

f. sin(a+b)sin(a—h) =sin*a-sin’b=cos’b-cos’ a

a. Cos2a, Sin2a, tan 2 khi cosazﬁ, 3?7[<05<27z

b. cos2«, sin2«, tan 2¢,cot 2« khi tana =3

C. C0S2a,tan2a,cot2a khi sin2a:—g, %<a<3§
Cau5.  Bién doi thanh tich cac biéu thic sau:
a. COSSX -+ COS8X + COS9X + C0s12X b. cosx+sinx+1
c. 1+C0s X +cos 2x +cos 3x d. 1+ cosx + cos 2z + cos 3z
Cau 6: Bién doi thanh tong cac biéu thirc sau:
a. 2sin(a+b).cos(a—b). b. 2cos(a+b).cos(a—b). c. 4sin3x.5iN2X.COSX.
d. 4sin137X.cosx.cos§. e. sin(x+30°%).cos(x—30°). f. sin%.sinz—”.
g. 2sinx.sin2x.sin 3x. h. 8cos x.sin2x.sin 3x. i.
. T . T
sm(x+—).sm(x——j.c052x.
6 6
ON TAP CHUONG VI

Caul: Chiing minh biéu thic sau khdng phu thugc vao X:

T T T 3z
A=co0s| X—— [coS| X+— |+CcOoS| X+— |cOoS| X+— |.
( 3) ( 4) ( 6j ( 4J

Cau 2: Tinh gié tri biéu thic sau:
a. A =cos80°cos40° —sin80°.sin 40°
b. B =cos(a—30") biét ring: tana=(0<a<90°)

c.C=cos(a+£], biétsinoz:i vao<a <Z.
3 J3 2

Cau3: Rt gon céc biéu thic sau:



Céu 4:

Céau 5:

Cau 6:

Cau7;

Cau 8:

A =sin4x.cot 2x —cos4X .
B= cos(40° - x)cos(x+ 20°)—sin (400 - x)sin(x+ 200) .

T @

e :sin(x +10°)cos(2x—80°)+sin(x +100°)cos(2x+10°)

(@]

o

. D=sin(a+ b)+sin(%— a)sin(—b) :

V4 T 1.,
E =cos| —+a |cos| ——a |+=sIn“a.
(4 j (4 j 2

F= COS(% - a).sin(% —b)—sin(a—b).

@

—h

_ tan2x+cot(90° + X)
1+ cot(90° —2x)tan x

R0t gon biéu thuc:

sin73° cos3° —sin87° cos17°

a. A=sin®a sin’b—cos?a cos’b. b. B= 5 5 5 5
c0s132" cos62” +cos42” cos28

_ 2sin(a+Db) _tanb . d D= sin(a—b) N sin(b —c) N sin(c—a) .
cos(a+b)+cos(a—b) cosacosb cosbcosc cosccosa
_ tan®2x—tan’ X
1—tan? 2x.tan® x
Chung minh cac dang thuc sau:
a. sin(%+a)—sin(%—a)=sina. b. cosx+sinx:\/Ecos(x—%j:ﬁsin(x+%j.
¢, cos(a=h) _cotacotb+1 d. cosx —sinx = \/_cos( j —\/_sm(x——j.
cos(a+b) cota.cotbh-1 4

Cho tam giac ABC . Chirng minh:
a.cos A=sinB.sinC —cosB.cosC.
b. tan A+tan B+ tanC =tan A.tan B.tanC (tam giadc ABC khong vuong).

C. tané.tanE+tanE.tan9+tan9.tané =1.
2 2 2 2 2 2

A B C .B.C
d. smE:cos—cos——sm—sm—.

Chting minh cac biéu thirc sau khong phu thugc vao X:

a. A=sin? x+cos(%+ x)cos(%— X) . b. B =sin® x+sin?(60° + x)+sin® (x—60°).

Tinh gia tri cua biéu thc.

a. A=c0s20° cos40° cos60° cos80°. b. B =sin10°sin50°sin70° .

c.C :cos?cos%[.cos%[. d. D = co0s10° cos50° cos 70°.

e. E =sin6°sin42°sin66°sin78°. f. F =sin5%sin15°sin 25°...sin 75° sin85°.
27 A 8 167 32

g. G = C0S=—.C0S —.COS —.COS ——.COS —— .
31 31 31 31 31

h. H = cos10° cos 20° cos 30°...cos 70° cos80° .



Céau 9:

Céu 10:

. T 2 3T A 5 6r T
. | =c0s—c0sS— c0S— Cc0S— C0S— CO0S— COS—.
15 15 15 15 15 15 15

j. J =sinZ cos Zcos .
16 16

8

Rt gon cac biéu thirc sau:
a Ao COS 7X — COS8X — C0S 9X + c0s10x b B - Sin15x + 2sin12x +sin 9x
' sin 7x —sin8x —sin9x +sin10x ' c0S15X + 2C0S12X + cos9X
C.C:1+cosx+c052>2<+0053x. d D:tan£+tan7—”.

COSX+2c0s” x—1 24 24
e. E=— 1 - \/5 ) f. F=tan9° —tan27° — tan 63° + tan 81°.

sin10° cos10°

g. G:cosz—”+cos4—”+c056—”+l. h. H=2 cosz—cosz—ﬂ+cos3—ﬁ .

7 7 7 2 7 7 7

Cho tam giac ABC . Chiing minh:
a. Sin A+sinB+sinC = 4cos§-cos%-cos% )

b. cosA+cosB+cosC =1+ 4sin§sin%sin% )

c. SiNn2A+5sin2B +sin2C =4sin AsinBsinC .
d. cos?A+cos?B +cos?*C =1-2cos AcosBcosC .
e. Sin2A+sin2B +sin2C =2+ 2cos AcosBcosC.



PHAN HINH



CHUONG I1I: PHUONG PHAP TQA PQ TRONG MAT PHANG
§1. PHUONG TRINH PUONG THANG.

1. Phuong trinh tong quat(PTTQ) cua duong thing d di qua A(X,y; Y,) va co vecto phap tuyén ﬁ(a; b) :
a(X— %) +b(y — Yo) =0
2. Phuong trinh tham s (PTTS) ciia duong thang d di qua A(X,; Y, ) va c6 vetcto chi phuong l](xo; Yo):
X=X, +Uut
{y = Yo tUt
3. Phuong trinh chinh tic ciia duong thang d di qua A(X,;Y,) va c6 vetcto chi phuong G(XO; Yo):
X=X _ Y=Y,
U, u,
4. Puong thang qua A(X,; Y,) Va co hé s6 goc k c6 phuong trinh:
Y= Yo =k(X=%))

(teR)

a_u
Suyra: k=——=-%
Y b u
5. Cho A :ax+by+c =0;A,:a,x+b,y+c, =0

SNV R
a2 bZ CZ

> A1£A2<:>i=E=&
a2 bZ CZ

> A ChA, Bl

a2 2

A. VIET PHUONG TRINH DPUONG THANG

Cau 1. Lap phwong trinh tham sé cua duong thang d biét d:
a) bi qua M (-3;4) vaco VTCP i =(-7;2)
b) Pi qua gdc toa d6 O va c6 VTCP i = (-2;9)
¢) Piqua 1(4;-3) vaco VTCP G =-3i +4]
d) Pi qua A(3;2) vacd VTPT fi=(-2:)
e) Cho A(L-2), B(~3;4) va diém M thoa AM =OA—2MB. Viét phuong trinh dudng thing di
qua M vac6 VTCP b= (-4,9).
Cau 2. Viét phwong trinh tong quét cua duong thang A biét A:
a) bi qua M (-3;4) vaco VTPT i =(5-2)
b) Di qua gdc toa do O va cd VTPT b = (-2;4)
¢)Piqua E(1;-3) vaco VTPT fi=4j -3
d) Pi qua A(3;0) vacd VTCP b = (-2;1)
e) Cho A(L—2), B(~5:0) va diém M thoa MA=30A—2MB. Viét pttq dt di qua M va c6 VTCP
b=(-4;2).



Cau 3.

Cau 4.

Caub.

Cau 6.

Cau7.

Céau 8.

Céau 9.

Viét phwong trinh tham sé cua duong thang trong cac truong hop sau:
a) biqua M (-3;4) va N(5;-1).

b) bi qua E(0;—4) va F(-5;5).

¢) bi qua A(3;2) va gdc toa do O.

d) Pi qua B(-5;—1) va cit truc hoanh tai diém c6 hoanh d6 bang 3.

e) bi qua F(L;,—3) va cit truc tung tai diém co tung do bang -2.

. a2 1 .. C R .
) Cat truc Ox tai diém c6 hoanh do 3 va cat Oy tai diém c6 tung 4o -5.

Viét phwong trinh téng quat cia duong thang trong cac truong hop sau:
a) biqua A(3;2) va B(-5;-1).

b) Pi qua E(4:-4)va F(-2:3).

¢) bi qua M (-3;4) vaco hé sb goc k=-2..

s o 2
d) bi qua N(3;-5) va co hé so goc a:—7.

e) Piqua H(7;—1)va cat truc tung tai diém c6 tung do -2.

f) Cat truc Ox tai P va cat Oy tai di€m c6 hoanh d6 bang 3.

Cho tam giac ABC c6 A(L4), B(-3;-2), C(5,0).
a) Viét phuong trinh duong thang AB b) Viét PT duong trung tuyén AM.
¢) Viét phwong trinh duong cao BK. d) Viét PT duong trung truc cua canh B

Cho A ABC. Viét phuong trinh cac canh, cac dudng trung tuyén, cac duong cao cia tam giac Voi

a) A(2; 0), B(2; -3), C(0; -1) b) A(1; 4), B(3; 1), C(6; 2)
¢) A(-1;-1),B(1;9),C(9; 1) d) A(4; -1), B(=3; 2), C(1; 6)
Viet phuong trinh ctia duong thang d trong cac treong hop sau:

. . i Xx=1-3t
a) bi qua A(3;2) va song song véi d': y=2
b) Di B(—1—2) va vuéng gbc vai d' x=t

1 a —1— (0} .

qu gg y=2- 4t

¢) bi qua C(5;-9) vavubdng goc véi d':3y —1=0
. 5
d) bi qua D(1;2) vasong song véi d':y = 4 x+1

Cho tam gi4c ABC, biét phuong trinh ba canh caa tam gi4c. Viét phuong trinh cac dudng cao cua
tam giéc, biét:

a)AB:2x-3y—-1=0,BC:x+3y+7=0,CA:5x-2y+1=0

b) AB:2x+y+2=0, BC:4x+5y—-8=0, CA:4x-y-8=0

*Viét phuong trinh dudng thang di qua diém M va cling vai hai truc toa do tao thanh mot tam giac
co dién tich S, voi:

a) M(—4; 10),S=2 b) M(2; 1),S=4
c) M(-3;-2),S=3 d)M(2;-1),S=4
Cau 10. *Lap phuong trinh dudng thang d”ddi xang véi duong thang d qua duong thang A, voi:
a) d:2x—-y+1=0, 4:3x—4y+2=0 b) d:x—2y+4=0, 4:2x+y—-2=0
) d:x+y-1=0,4:x-3y+3=0 d) d:2x-3y+1=0, 4:2x—-3y-1=0

Cau 11. *Lap phuong trinh duong thang d’ddi xang voi dudng thang d qua diém 1, voi:



Céau 12.

Céau 13.

Céau 14.

X/
°

Cau 1.

Cau 2.

Céau 3.

d) d di qua diém D(-4; 1) va vudng goc véi duong thang d:

e) d di qua diém P(—2;5) va song song véi duong thang A :{

a) A di qua diém O va song song v&i dudng thang d’: {

a) d:2x-y+1=0, 1(22) b) d:x-2y+4=0, 1(-3,0)

c) d:x+y-1=0, 1(0;3) d) d:2x—-3y+1=0, | =0(0;0)
*Cho tam gi4c ABC, biét phuong trinh mét canh va hai duong cao. Viét phuong trinh hai canh va
duong cao con lai, vai:

a) AB:4x+y-12=0, BB :5x-4y-15=0, CC':2x+2y—-9=0

b) BC:5x—3y+2=0, BB :4x—3y+1=0,CC’: 7x+2y-22=0

¢) BC:x-y+2=0,BB :2x-7y-6=0,CC" : 7x-2y—-1=0

d) BC:5x—3y+2=0,BB :2x-y-1=0,CC :x+3y-1=0
*Cho tam giac ABC, biét toa do mot dinh va phuong trinh hai duong cao. Viét phuong trinh cac
canh cua tam giac do, voi:
a) A(30), BB :2x+2y—-9=0,CC':3x-12y-1=0

b) A(;0), BB : x-2y+1=0,CC":3x+y-1=0

*Cho tam giac ABC, biét toa do mot dinh va phuong trinh hai duong trung tuyén. Viét phuong
trinh cac canh caa tam giac do, vai:

a) A(L3), BM:x—2y+1=0,CN:y—1=0

b) A(39), BM:3x-4y+9=0,CN:y-6=0

BAI TAP TU LUYEN

Lap phwong trinh tham sé va phwong trinh téng quét cua duong thang d biét:

a) d di qua A(2; -1) va c6 vecto chi phuong u=(5-4).

b) d di qua B(4; 7) va c6 vecto phap tuyén n= (-7;5).

¢) d di qua C(-2; 10) va song song voi duong thang d’: 4x - 3y +8 = 0.

x:1+§t
2 .

y=4-5t

x=5
y=1+t

f) d di qua diém M(0;2) va vudng goc vai duong thang A:2x =5y —3

Lap phwong trinh téng quat cua duong thang A biét:
Xx=1-t
y=—4+5t

b) A di qua N(3; -4) va vudng goc véi dudng thang d: 4x - 7y + 3 = 0.

¢) A di qua P(2; -5) va c6 hé s6 goc k = 11.
d) A di qua hai diém E(-3; 3) va F(6; -1).

Cho tam giac ABC c0 A(-5; 1), B(2; 15) va C(-1; -5).

a) Lap phuong trinh dudng thang chira canh BC cua tam giéc.

b) Lap phuong trinh dudng thang chira dudong cao AH cua tam giac.
¢) Lap phuong trinh duong thang chira duong trung tuyén AM.



d) Lap phuong trinh duong thiang chaa duong trung truc cua canh BC.

e) Lap phuong trinh dudng thang chira duong phan giac trong goc A cia AABC.
Cau 4. Cho tam giac ABC biét A(1; 0), B(2; -1) va C(-6; -2).

a) Lap phuong trinh duong thang chira cac canh cua tam giac.

b) Lap phuong trinh dudng cao BH va trung tuyén BM.
Cau 5. Chotam giac ABC c6 A(-4; 7), B(-3; -1), C(-1; 1).

a) Viét phuong trinh cac dudng cao cua tam giac do.

b) Viét phuong trinh céc duong trung tuyén cua tam giac do.

¢) Viét phuong trinh dwdng trung truc canh BC.

d) Xac dinh tim dudng tron ngoai tiép tam gidc ABC va tinh ban kinh dudng tron

B. KHOANG CACH VA GOC
1. Khoang céach.
Khoang cach tir diém M (x,;Y,) dén dudng thang A:ax+by+c=0, ki hiéu 1a d(M;A)

d(M;A)=|aX°+by°+C|
va? +b?
2. Goc giita 2 duong thang A, :ax+by+c =0;A,:a,x+by+c, =0, ki hiéu (4;;4,)
|a,a, +bib,|
\/a12+b12\/a22+b12
3. A LA, &aa, +bb,=0

COS(A;A,) =

Caul. Tinh khoang céch tir diém M dén duong thang d, véi:

a) M(4;-5),d:3x—-4y+8=0 b) M(35),d:x+y+1=0
=2t
M(4;-5), d:{*
0 M9, d:{ 1= 0
M(35), d ;X;2=y_+1
3
Cau 2.
a) Cho duong thang A: 2x—y+3=0. Tinh ban kinh duong tron tam 1(-5;3) va tiép xdc véi A.
b) Cho hinh chir nhat ABCD c6 phuong trinh 2 canh la: 2x—3y+5=0, 3x+2y—7=0 va dinh
A(2;-3). Tinh dién tich hinh chi nhat do6.
¢) Tinh dién tich hinh vudng cé 4 dinh nam trén 2 duong thang song song: d; :3x—-4y+6=0 va
d, :6x-8y-13=0.
Céau 3. Tinh géc giita hai dudng thang:
a) x—2y-1=0, x+3y-11=0 b) 2x-y+5=0, 3x+y-6=0
C) 3Xx—-7y+26=0, 2x+5y-13=0 d) 3x+4y-5=0, 4x-3y+11=0

Cau 4. Tinh sb do cua céc goc trong tam giac ABC, Vi
a) A(-3;-5),B(4; -6),C(3; 1)
b) A(1; 2), B(5; 2), C(1; -3)
C) AB:2x—3y+21=0, BC:2x+3y+9=0, CA:3x—2y—-6=0
d) AB:4x+3y+12=0, BC:3x—4y—-24=0, CA:3x+4y-6=0



Caub.

Cau 6.

Cau7.

Cau 8.

Céau 9.

Céu 10.

Céu 11.

Cau 12.

Céau 13.

Cau 14.

Cau 15.

Céau 16.

Cau 17.

Cho hai duong thang d va A. Tim m dé géc giita hai duong thang d6 bang o, Véi:

a) d:2mx+(m-3)y+4m-1=0, A:(m-)x+(mM+2)y+m-2=0, & =450,

b) d:(Mm+3)x—(M-1)y+m-3=0, 4:(M-2)x+(Mm+1)y-m-1=0, « =90°.
Tim toa d6 diém M biét :

a) M nam trén truc Ox va cach duong thing (A) : 4x+3y+1=0 mot khoang bang 5.

b) M nim trén truc Oy va cach dudng thing (A):4x+y+1=0 mot khoang bing ~/17 .

x=1

¢) M thuoc (A): {y 34 tvé d(M,A'):\/E voi (A):x+y+1=0
Viét phuong trinh dudng thing d di qua diém A va tao véi dudng thing A mot goc o, Véi:
) A(6;2), A:3x+2y—-6=0, a = 45° b) A(-2,0), A: x+3y—3=0, o = 45°
) A(25), A:x+3y+6=0, a =60° d) A®;3), 4:x-y=0, a =30°
Cho tam giac ABC. Tinh dién tich tam giac ABC, vai:
a) A(-1;-1), B(2; 4), C(4; 3) b) A(=2; 14), B(4; -2), C(5; —4)
Viét phuong trinh dudng thang d song song va cach duong thang A mot khoang k, véi:

oy _ _ L Jx=3t _
a) A:2x-y+3=0,k=+/5 b)A.{y:2+4t,k—3
C) A:y-3=0, k=5 d) 4:x-2=0, k=4

Viét phuong trinh dudng thang d song song véi dudng thang A va cach diém A mot khoang bang
K, VOi:

a) A:3x—4y+12=0, A(2,3), k=2 b)
A:Xx+4y-2=0, A(-2,3), k=3
c) 4:y—3=0, A(3-5), k=5 d) 4:x-2=0, AB1, k=4
Viét phuong trinh duong thang di qua A va cach B mot khoang bang d, vaéi:
a) A(-1; 2),B(3;5),d=3 b) A(-1; 3),B(4;2),d=5
¢) A(5; 1), B(2;-3),d =5 d) A(3; 0), B(0; 4), d = 4.
Viét phuong trinh duong thang di qua diém M va cach déu hai diém P, Q, véi:
a) M(2; 5), P(-1; 2), Q(5; 4) b) M(1; 2), P(2; 3), Q(4; -5)
¢) M(10; 2), P(3; 0), Q(-5; 4) d) M(2; 3), P(3; 1), Q(3; 5)
Viét phuong trinh duong thang d cach diém A mot khoang bang h va cach diém B mét khoang
bang k, voi:
a)A(1;1),B(2;3),h=2,k=4 b) A(2;5),B(-1;2),h=1,k=3

*Cho duong thang A: x—y+2= 0 va cac diém O(0; 0), A(2; 0), B(-2; 2).

a) Ching minh dudng thang A cit doan thang AB.

b) Chung minh rang hai diém O, A nam cling vé mét phia ddi véi duong thang A.
¢) Tim diém O’ d6i xting vai O qua A,

d) Trén A, tim diém M sao cho d6 dai duong gap khic OMA ngén nhat.

s , . . . Xx=2+3t i
Viét phwong trinh duong thang qua M(-1;2) va tao véi duong thang d :{ ot mot goc 60° .

*Cho hai diém A(2; 2), B(5; 1). Tim diém C trén duong thang A: x—2y+8=0 sao cho dién tich
tam giac ABC bang 17.

*Tim tap hop diém. q q ‘

a) Tim tap hop cac diém cach duong thang A: —2x+5y—1=0 mét khoang bang 3.

b) Tim tap hop cac diém cach déu hai dudng thang d:5x+3y—3=0, A4:5x+3y+7=0.

¢) Tim tap hop cac diém cach déu hai duong thang d:4x—3y+2=0, A:y—-3=0.



d) Tim tap hop cac diém co ti s cac khoang cach dén hai duong thing sau bang 1—53:

d:5x—12y+4=0va A4:4x—-3y-10=0 .

Cau 18. *Viét phuong trinh cac duong phan gic cia cac goc tao boi hai dudng thang:

Cau 19.

a) 3x—4y+12=0, 12x+5y—-20=0 b) 3x—4y—-9=0, 8x—-6y+1=0

C) x+3y-6=0, 3x+y+2=0 d) x+2y-11=0, 3x-6y—-5=0

*Cho hinh vuéng ABCD c0 tam 1(4; —1) va phuong trinh m¢t canh Ia 3x—y+5=0.

a) Viét phuong trinh hai dudng chéo caa hinh vudng. b) Tim toa do 4 dinh cua hinh
vuong.

< BAI TAP TU LUYEN

Cau l.

Céu 2.

Cau 3.

Cau 4.

Caub.

Céau 6.

Cau 7.

Tinh khoang céch tir diém M dén duong thang d, véi:

a) M(3,-5),d:-3x+4y+6=0 b) M(3,0),d:6x+8y+7=0

: L X=4 Xx—2 y+1
¢) M(4;-5), d: 4% d) M(32),d:=—==2"=
) M(4,-5) {y:2+3t ) M(32) o 5

a) Cho duong thang A: 2x+y+3=0. Tinh ban kinh duong tron tam 1(-5;—2) va tiép xuc vai A.
b) Cho hinh chit nhat ABCD c6 phuong trinh 2 canh la: 5x—3y+1=0, 3x+5y—7=0 va dinh
A(2;-3). Tinh dién tich hinh chir nhat do.

¢) Tinh dién tich hinh vudng c6 4 dinh nam trén 2 dudng thang song song: d, :3x—4y+8=0 va
d, :6x-8y-15=0.

Tinh goc gitta hai dudng thang:

a) Xx—2y—-5=0, x+3y+6=0 b) 2x+y+3=0, 3x-y-6=0

€) 3x—7y+5=0, 2x-5y-12=0 d)

-3x—-4y—-7=0, 4x-3y+15=0

Tinh s6 do cua céc goc trong tam giac ABC, Véi:

a) A(-2; 7), B(3; 4), C(1; 12)

b) A(L; 3), B(5; 6), C(1; -3)

C) AB:2x—-3y+25=0, BC:2x+3y+4=0, CA:3x—2y-8=0

d) AB:4x+3y+7=0, BC:3x—4y—-5=0, CA:3x+4y-1=0

Tim toa d¢ diém M biét :

a) M nam trén truc Ox va cach duong thang (A) : 4x—3y+5 =0 mét khoang bang 5.

b) M ndm trén truc Oy va cach duong thing (A): X+4y +1=0 mot khoang bing 2+/17 .

x=1

¢) M thuoe (A): {y_3 tva d(M,A") =242 vsi (A):x+y+2=0
Viét phuong trinh duong thang d di qua diém A va tao voi duong thang A mot goc o, Véi:
a) A5—2), A:3x+2y—-5=0, o =45° b) A(-2,-3), 4:3x+y-5=0, a = 45°
¢) A(Z-1), A:x+3y+5=0, a = 60° d) A(-%3), 4:x-y=0, o =30°
Viét phuong trinh dudng thang d song song va cach duong thing A mot khoang k, vai:

oy _ _ x==-3 _
a) A:2x—3y+3=0, k=413 b)A.{y=2+4t,k 2

C) 4:x-5=0, k=3 d) A:y-2=0, k=7



§2. PHUONG TRINH PUONG TRON

A. PHUONG TRINH PUONG TRON

1. Phuong trinh duong tron tdm 1 (a;b), ban kinh R ¢ dang:

Dang khai trién: x* +y? —2ax—2by+c=0 Vvéi c=a*+b? —R?
2. Phuong trinh x* + y? —2ax—2by +c¢ =0 véi diéu kién: a> +b? —c >0, 1a phuong trinh duong tron

tam 1(a;b), ban kinh R=+a*+b*—c

3. Cho duong tron (C) c6 tam 1(a;b), ban kinh R va duong thang A:mx+ny+c=0. Atiép xc Vi

(x-a)* +(y-b)*=R®

Ima+nb+c|
MR

©)d(l;A) =R <
Jm? +n?
Caul. Viét phuong trinh dudng tron c6 tam I va di qua diém A, véi:
a) 1(2; 4), A(-1; 3) b) 1(=3; 2), A(1; -1)
c) I(-1; 0), A(3; -11) d) I(1; 2), A(5; 2)
Cau2.  Viét phuong trinh duong tron cd tam | va tiép xdc véi duong thang A, véi:
a) 1(34), 4:4x-3y+15=0 b) 1(2,3), A4:5x-12y-7=0
¢) 1(=3,2), 4=0x d) 1(-3,-5), 4=0y
Cau 3. Viét phuong trinh dudng tron ¢ duong kinh AB, véi:
a) A(=2; 3), B(6; 5) b) A(0; 1), C(5; 1)
c) A(-3; 4), B(7; 2) d) A(5; 2), B(3; 6)
Cau 4. Viét phuong trinh dudng tron di qua hai diém A, B va c6 tdm | nam trén dthing A, véi:
a) A(2;,3), B(-L1), A: x—3y-11=0 b) A(G;4), B(2,6), A: x—2y+5=0
c) A(22), B(86), 4:5x—3y+6=0
Cau5.  Viét phuong trinh dudng tron ngoai tiép tam giac ABC, véi:
a) A(2; 0), B(0; -3), C(5; -3) b) A(5; 3), B(6; 2), C(3; -1)
c) A(1;2), B(3; 1), C(-3; -1) d) A(-1;-7), B(-4;-3), C=0O(0;
0)
e) AB:x-y+2=0,BC:2x+3y-1=0,CA:4x+y-17=0
f) AB:x+2y-5=0, BC:2x+y-7=0,CA: x-y+1=0
Cau 6. Viét phuong trinh duong tron di qua hai diém A, B va tiép x(c véi duong thang A, vai:
a) AL;2), B(3,4), 4:3x+y—-3=0 b)
A(6;3), B(3,2), 4: x+2y—-2=0
¢) A(-L-2), B(2,1), A:2x-y+2=0 d) A(2;0), B(4;2), A=0y
Cau7. Cho A(13);B(4;7);C(0;2)
a) Viét phuong trinh dudng tron duong kinh AB.
b) Viét phuong trinh dudng tron ngoai tiep tam giac ABC
¢) Viét phuong trinh dudng tron tam 0 va tiép xic véi duong thang AC
Cau 8.  Trong cac phuong trinh sau, phuong trinh nao 1a phuong trinh duong tron. Tim tdm va ban kinh
cua duong tron do:
a) x2+y2—2x—2y—2:0 b) x2+y2—6x+4y—12:0
C) x2+y2+2x—8y+1:0 d) x2+y2—6x+5:0
Cau 9.  Tim m dé cac phuong trinh sau 1a phuong trinh duong tron:

a) X2 +y? +4mx—2my+2m+3=0
b) x2+y2—2(m+1)x+2my+3m2—2=0



Céu 10.

Cau 11.

Céau 12.

Cau 13.

Cau 14.

c) X% +y? —2(m-3)x+4my—m? +5m+4=0
d) X% +y? - 2mx—2(m? )y +m* —2m* - 2m? - 4m+1=0
* Tim m dé cac phuong trinh sau 13 phuong trinh dudng tron:
a) X2 +y2 —2xcosm+4y + cos’ m-2sinm+5=0
b) x?+y?—4xcosm+2ysnm-4=0
*Viét phuong trinh dudng tron di qua diém A va tiép xdc véi dthang A tai diém B, véi:
a) A(-26), A4:3x—4y—-15=0, B(,-3) b) A(-21), 4:3x-2y—-6=0, B(4;3)
c) A(6,—-2), A=0x, B(6;0) d)
A(4;-3), A: x+2y—-3=0, B(3,0)
*\/iét phuong trinh dudng tron di qua diém A va tiép xuc véi hai duong thang A1 va Az, V6i:
a) A(23), 4 :3x-4y+1=0, 4,:4x+3y-7=0
b) A;3), 4 :x+2y+2=0, 4,:2x-y+9=0
c) A=0(G;0), 4 : x+y-4=0, 4,:Xx+y+4=0

d) A3-6), 4 =0Ox, 4, =0y

*Viét phuong trinh dwong tron tiép xtc voi hai duong thang A1, A2 va c6 tim nam trén duong
thang d, véi:

a) 4 :3x+2y+3=0, 4,:2x-3y+15=0,d:x-y=0

b) 4 :X+y+4=0,4,:7x-y+4=0,d:4x+3y-2=0

c) 4 :4x-3y-16=0, 4,:3x+4y+3=0,d:2x-y+3=0

d) 4 :4x+y-2=0, 4, :x+4y+17=0,d:x-y+5=0

*V/iét phuong trinh dudng tron noi tiép tam giac ABC, voi:

b) A(2; 0), B(0; -3), C(5; -3)

C) AB:2x—-3y+21=0,BC:3x-2y—-6=0, CA:2x+3y+9=0
d) AB:7x—-y+11=0, BC:x+y-15, CA: 7x+17y+65=0

% BAI TAP TU LUYEN

Cau 1.

Céau 2.

Cau 3.

Cau 4.

Cau 5.

Viét phuong trinh dudng tron c6 tim I va di qua diém A, véi:

b) 1(-2; 4), A(-1; 5) b) 1(=3; -2), A(5; -1)

¢) 1(-1; 0), A(3; -7) d) 1(-1; 2), A(0; 2)

Viét phuong trinh duong tron c6 tdm | va tiép xuc véi duong thang A, véi:

a) 1(24), A:4x-3y+12=0 b)1(2,-3), A:5x+12y—-7=0

c) 1(-52), 4=0x d) 1(-3,5), 4=0y

Viét phuong trinh dudng tron c6 duong kinh AB, véi:

b) A(-2; 15), B(0; 5) b) A(0;-1), C(5; -1)

c) A(-3; 6), B(10; 2) d) A(5; 13), B(3; 1)

Viét phuong trinh dudng tron di qua hai diém A, B va c6 tam | nam trén dthang A, véi:

a) A(2-1), B(-1-1), A: x—3y-12=0 b) A(0;3), B(—2,—6), A: x—-3y+5=0

c) A(2,0), B(2,6), A4:5x—-3y+7=0

Viét phuong trinh dudng tron ngoai tiép tam gidc ABC, voi:

a) A(2; -1), B(0; 3), C(4: —3) b) A(7; 3), B(6; 2), C(5; —1)

¢) A(-1; 2), B(3; 5), C(-3; -1) d) A(-1; -5), B(-4; 2), C=0(0; 0)



Cau 6.  Viét phuong trinh dudng tron di qua hai diém A, B va tiép xdc véi duong thang A, véi:
a) A(1,-2), B(34), A:5x+y-1=0 b) A(4;3), B(3,—-2), 4: x+2y+1=0
c) A=L2), B(31), A4:2x-y+4=0 d) A(2:0), B(5,2), A=0y
Cau7. Cho A(L7);B(4;2);C(0;-2)
a) Viét phuong trinh dudng tron duong kinh AB.
b) Viét phuong trinh dudng tron ngoai tiép tam giac ABC
¢) Viét phuong trinh dudng tron tam 0 va tiép xic véi duong thang AC
Cau 8.  Trong cac phuong trinh sau, phuong trinh nao la phuong trinh duong tron. Tim tdm va ban kinh
cua duong tron do:
a) x2+y2—4x—2y—2:0 b) x2+y2—6x+2y—12:0

C) x2+y2+2x—10y+1:0 d) x2+y2—8x+5:0

B. TIEP TUYEN CUA PUONG TRON
Caul. Cho duong tron (C) va duong thang d.
©): X2 +y2 —-6x—-2y+5=0,d:2x-y+3=0
a) Viét phuong trinh cac tiép tuyén cua (C) tai cac giao diém cua (C) Véi c4c truc toa  do.
b) Viét phuong trinh tiép tuyén cta (C) vudng goc véi d.
¢) Viét phuong trinh tiép tuyén cua (C) song song véi d.
Cau 2. Cho duodng tron (C), diém A va dudng thang d.
(C): X?+y?—4x—-6y—-12=0, A(-7;7), d:3x+4y—6=0
a) Ching t6 diém A & ngoai (C).
b) Viét phuong trinh tiép tuyén cua (C) ké tir A.
¢) Viét phuong trinh tiép tuyén cua (C) vubng géc véi d.
d)Viét phuong trinh tiép tuyén cua (C) song song véi d.
Céu 3. Cho duong tron (C) va duong thang d: (C): X? + y2 —4x—-6y=0,d:2x-3y+1=0
a) Viét phuong trinh cac tiép tuyén cua (C) tai cac giao diém cua (C) véi c4c truc toa  do.
b) Viét phuong trinh tiép tuyén caa (C) vudng goc véi d.
¢) Viét phuong trinh tiép tuyén cua (C) song song véi d
Cau 4. Cho duong tron (C), diém A va duong thang d:
(C): X% +y? +4x—8y+10=0, A(2;2), d: Xx+2y—6=0
a) Chiing to diém A ¢ ngoai (C).
b) Viét phuong trinh tiép tuyén cua (C) ké tir A.
¢) Viét phuong trinh tiép tuyén cua (C) vubng géc véi d.
d) Viét phuong trinh tiép tuyén cua (C) song song véi d
Cau 5. *Cho hai diém A(1; 2), B(3; 4) va duong thang d : y =—-3—3x.
a) Viét phuong trinh cac duong tron (C1) va (C2) qua A, B va tiép xc véi d.
b) Viét phuong trinh tiép tuyén chung (khéc d) caa hai dudng tron do.
Cau 6.  *Cho duong tron (C): X2 + y2 —6X—-2my + m?+4=0.
a) Tim m dé tir A(2; 3) c6 thé ké duoc hai tiép tuyén véi (C).
b) Viét phuong trinh cac tiép tuyén do khi m = 6.

< BAITAP TU LUYEN q
Caul. Cho duong tron (C) va duong thang d.
(C): X?+y?—4x—2y+5=0,d:2x-6y+3=0
a) Viét phuong trinh cac tiép tuyén cua (C) tai cac giao diém cua (C) véi c4c truc toa  do.



Cau 2.

Cau 3.

Cau 4.

b) Viét phuong trinh t1ep tuyen cua (C) vudng goc vai d.
¢) Viét phuong trinh tlep tuyén cua (C) song song vai d.
Cho duong tron (C), diém A va duong thang d.

(C): X?+y?—2x—2y-12=0, A(-57), d:3x+4y—-2=0
a) Chung to diém A ¢ ngoai (C).

b) Viét phuwong trinh tlép tuyén cua (C) ke tur A.

¢) Viét phuong trinh t1ep tuyen cua (C) vudng goc vai d.
d)Viét phuong trinh tiép tuyén cua (C) song song véi d.

Cho duong tron (C) va duong thang d: (C): X2 + y —4x-8y=0,d:10x-3y+5=0
a) Viét phuong trinh cac tiép tuyén cua (C) tai cac giao diém cua (C) véi c4c truc toa  do.
b) Viét phuong trinh tiép tuyén cua (C) vudng goc véi d.
¢) Viét phuong trinh tiép tuyén cua (C) song song véi d
Cho duong tron (C), diém A va duong thang d:
(C): X% +y? +4x—6y+10=0, A(L2),d: Xx+3y—6=0
a) Chung to diém A ¢ ngoai (C).
b) Viét phwong trinh tiép tuyén cua (C) keé tir A,
¢) Viét phuong trinh tiép tuyén caa (C) vudng goc véi d.
d) Viét phuong trinh tiép tuyén caa (C) song song vai d

Céau 1.

Céau 2.

Cau 3.

Cau 4.

Cau 5.

§3. PHUONG TRINH PUONG ELIP
Cho elip (E). Xac dinh do deIi cac truc, tiéu cu, toa do cac tiéu diém, toa dd cac dinh, tam sai,
phuong trinh cac duong chuan caa (E), véi (E) c6 phuong trinh:

2 2 X2 2 2 2 2 2

a) X4 Y 1 by ¥ 1 o) XY ) A A |
9 4 16 9 25 9 4 1

€) 16x2+25y° =400  f) x®+4y? =1 g) 4x>+9y?’=5  h) 9x*+25y° =1

Viét phuong trinh chinh tac cua (E): i

a) Do dai truc 16n bang 8, do dai tiéu cy bang 4.

" . o . 3
b) Tiéu cu bang 4 va tdm sai € = 3
A A R Y . \ R . \/§ A
¢) Mot tiéu diém la F(—\/§,O) vadiém N(& 7) thudc €.

. g A . 1
d) (E) c6 do dai truc Ion bang 16, tdm sai € = 1

e) (E) co do dai truc bé bang 8, tiéu cu bang 10.
2 2

Cho (E) : % 4 y? —1 . Tim diém M trén (E) sao cho :

a) MFy = 2MF; .
b) M nhin hai tiéu diém duéi mot géc vudng .
¢) M nhin hai tiéu diém dudi mot goc 60° .
d) M nhin hai tiéu diém dudi mot goc 120°.
Cho diém M(1;1) va (E) : 4x? + 9y?> = 36 .
a)Tim toa do cac dinh , toa d6 cac tiéu diém va tam sai cua (E) .

b) Chirng minh réng moi duong théng di qua M ludn cit (E) tai hai diém phan biét .
¢) Lap pt duong thang d qua M cat (E) tai hai diém A ,B sao cho MA =MB .

Cho (E) : 16x? + 25y? = 100 .



a) Tim diém trén (E) c6 hoanh d¢ bang 2 va tinh khoang céch tir diém d6 dén hai tiéu diem .
b) Tim b dé€ duong thang y = x + b ¢6 diém chung véi (E) .

Cau 1.

Céau 2.

Cau 3.

Cau 4.

Caub.

Cau 6.

Cau7.

Cau 8.

Cau 9.

ON TAP CHUONG III

Lap phuong trinh tham s6 va phwong trinh t6ng quét cia dudng thang d biét:
a) d di qua A(2; 3) va c6 vecto chi phuong u=(7;-2).

b) d di qua B(4; -3) va c6 vecto phap tuyén n=(7;3).

¢) d di qua C(-2; 5) va song song véi dudng thiang d’: 4x - 5y +10 = 0.
Xx=1-2t

d) d di qua diém D(-5; 3) va vudng goc véi dudng thing d: {y soot
=4+

Lap phuong trinh tong quat caa duong thang A biét:
Xx=1-3t

a) A di qua diém M(2; 5) va song song véi duong thang d’: {y Caegt

b) A di qua N(3; 4) va vudng goc voi duong thang d: 4x - 7y + 3 = 0.

¢) A di qua P(2; -5) va c6 hé s6 goc k = 11.

d) A di qua hai diém E(-3; 3) va F(6; -1).
Cho tam giac ABC c6 A(-2; 1), B(2; 3) va C(1; -5).

a) Lap phuong trinh dudng thang chira canh BC cua tam giéc.

b) Lap phuong trinh duong thang chira duong cao AH cua tam giac.

¢) Lap phuong trinh dudng thang chira duong trung tuyén AM.

d) Lap phuong trinh duong thang chaa dudng trung truc cua canh BC.

e) Lap phuong trinh dudng thang chira dudng phan giac trong géc A cia AABC.
Cho tam giac ABC biét A(1; 4), B(3; -1) va C(6; -2).

a) Lap phuong trinh dudng thang chira céc canh cua tam giéc.

b) Lap phuong trinh dudng cao AH va trung tuyén AM.
Cho tam giac ABC cd A(-4; 5), B(6; -1), C(-1; 1).

a) Viét phuong trinh cac duong cao cta tam giac do.

b) Viét phuong trinh cac duong trung tuyén cua tam giac do.

¢) viét phuong trinh duong trung trec canh BC.

Biét hai canh cia mot hinh binh hanh c6 phuong trinh x + 3y =0 va 2x - 5y + 6 = 0, mot dinh cua
hinh binh hanh Ia C(4; 1). Viét phuong trinh cac canh con lai caa hinh binh hanh.

Cho tam giac ABC c0 B(-4; -3), hai duong cao c6 phuong trinh 1a 5x + 3y +4=0va 3x + 8y + 13
= 0. Lap phuong trinh cac canh cua tam giac.

Cho tam giac ABC co B(2; -7), phuong trinh duong cao qua A 1a 3x +y + 11 = 0, phuong trinh
trung tuyén vé tir C 1a x + 2y + 7 = 0. Viét phuong trinh cac canh cua tam gidc ABC.

Trong mit phang vai hé toa &6 Oxy chho tam giac ABC véi M(-2; 2) 1a trung diém cua BC, canh
AB c6 phuong trinh x - 2y - 2 = 0, canh AC c¢6 phuong trinh 2x + Sy + 3 = 0. X4c dinh toa d¢ cac
dinh cua tam giac ABC.



Cau 10.

Cau 11.

Cau 12.

Céau 13.

Céau 14.

Céau 15.

Céau 16.

Céu 17.

Céau 18.

Céau 19.

Cau 20.
Cau 21.

Céu 22.

Phuong trinh hai canh cua mot tam giac trong mat phang toa do 12 5x - 2y + 6 = Ovadx+7y-21=
0. Viét phuong trinh canh thir ba ctia tam gi4c biét tryc tam tam giac tring véi géc toa do.

Trong mit phang toa do cho tam gidc ABC c6 trong tdm G(-2; -1) va cac canh AB: 4x +y +15=0
vaAC: 2x + 5y + 3 =0.

a) Tim toa d6 dinh A va toa do trung diém M cua BC.

b) Tim toa d6 dinh B va viét phuong trinh duong thang BC.

Lap phuong trinh cac canh ciia tam giac ABC biét A(1; 3) va hai dudng trung tuyén c6 phuong trinh
X-2y+1=0vay-1=0.

Cho tam gidc ABC c6 dinh A(2; 2) va hai duong cao lan luot c6 phuong trinh 9x - 3y -4 =0; x +y
- 2 =0. Lap phuong trinh cac canh cua tam giac ABC.

Cho tam giac ABC c6 A(2; -1) va cac duong phan giac trong goc B va C lan luot c6 phuong trinh:
X-2y+1=0; x+y+3=0. Lap phuong trinh duong thang BC.

Xac dinh toa d¢ dinh B ctia tam gidc ABC biét C(4; 3) va duong phan giac trong, trung tuyén ke tir
A lan lugt ¢6 phuong trinh x +2y -5=0va 4x + 13y - 10 = 0.

Cho tam giac ABC c6 A(-1; 3), duong cao BH nam trén dudng théng y = X, phan giac trong géc C
nam trén duong thang x + 3y + 2 = 0. Viét phuong trinh duong thang BC.

Cho tam giac ABC ¢6 A(-2; 1) va cac dudng cao c6 phuong trinh :2x -y +1=0; 3x +y + 2= 0.
Viét phuong trinh duong trung tuyén qua dinh A cta tam giac.

Trong mit phang toa d6 Oxy

a) Cho diém I(2; 3) va duong thang A: X — 3y + 1 = 0. Viét phuong trinh dudng tron tam | tiép xdc
VoI A.

b) Cho dudng thang d: x — 7y + 10 = 0. Viét phuong trinh dudng tron ¢6 tam thuge duong thang d':
2x +y =0 vatiép xuc vai d tai A(4; 2).

Trong mat phang toa do cho ba duong tron (C1), (Ca), (Cs) lan luot co phuong trinh 1a:

(C1): X2 +y?—8x—10y + 16 = 0; (Cp): X*> + y?> — 6x — 8y = 0;

(Ca): X2 +y?—2x—12y + 12 =0.

a) Tim toa d6 tdm va ban kinh caa mdi dudng tron do.

b) Viét phuong trinh dudng tron di qua tim cta ba dwdng tron trén.

Viét phuong trinh dudng tron di qua diém A(2; -1) va tiép xtc véi hai truc toa do.

Cho (E) : 4x* + 9y* =36 . Tim diém M trén (E) sao cho :

a) M cd toa do la cac so6 nguyén . b) M ¢6 tong hai toa do dat GTLN , GTNN .
2 2

Cho (E) : —5+y7—1vadu’0ngthangd 2x+15y-10=0.

a) CMR: d ludn cat (E) tai hai diém phan biét A,B . Tinh do dai AB .
b) Tim toa do diém C trén (E) sao cho tam giac ABC cén tai A biét A c6 hoanh d6 duong .



